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Abltract-The material model consists of a viscoelastic BUl1lers element and an additional
viscoplastic Bingham element when the effective stress exceeds the yield stress. For fully plastic
vessel WIllis, eXlict closed-form expressions IIrc derivcd for the stress and stmin state in pres
surised or relaxation loaded thick-Walled cylinders in plane strain and spheres. For the spherical
problem, the material compressibility is accounted for. The influence of the different material
parameters on the behaviour of the vessels is evaluated. It is shown that the magnitude of the
Maxwell viscosity is ofmiYor importance for the long-term behaviourofthick-walled fully plastic
vessels.

INTRODUCTION

Typically, the creep behaviour of materials changes from a linear dependence for small
stresses to a nonlinear stress dependence for higher loadings. A combined viscoelastic
viscoplastic model can simulate such a material behaviour. Below a certain yield stress,
a linear viscoelastic behaviour occurs, whereas additional viscoplastic response occurs
if this yield stress is exceeded. Adopting such a viscoelastic-viscoplastic material
model, the quasi-static time-dependent behaviour ofpartly plastic, thick-walled spheres
and cylinders was treated in [1]. Here we shaH consider the case in which the vessel
walls are fully plastic.

Madejski[21 treated a fully plastic sphere loaded by a constant inner pressure,
adopting a simplified elastic-viscoplastic behaviour. Wierzbicki[3], on the other hand,
included a viscous behaviour below the yield stress through the use of a Maxwell
element and treated the behaviour of a pressurised sphere as well as one under relax
ation conditions. The loadings were assumed to be constant with time.

Compared with these previous results. the solutions derived in this study represent
significant extensions. First, incompressible cylinders in plane strain and spheres are
treated in a unified fashion. Second, pressurised as well as relaxation loaded vessels
are treated, and these loadings might vary with time. In addition, we apply a quite
general constitutive model consisting of a viscoelastic Burgers model below the yield
stress as well as a viscoplastic Bingham model above this limit. For the spherical
problem, the material compressibility is accounted for.

For this spectrum of problems, we shall present exact, closed-form solutions of
the stress and strain fields, and a detailed discussion will be given with emphasis on
the principal aspects of the vessel behaviour and the influence of the different material
parameters.

CONSTITUTIVE MODELLING

The material is assumed to have a creep-sensitive deviatoric response, while its
volumetric response is purely elastic. Below a certain yield stress, we assume a vis
coelastic response corresponding to a Burgers material, i.e. a Maxwell and a Kelvin
element in series. Above the yield stress, we assume an additional viscoplastic response
corresponding to a Bingham element. The material response is symbolized in Fig. I.

It appears that the material model reflects many creep characteristics that can be
observed for a variety of materials. Owing to the friction element, the creep behaviour
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Fig. I. Material model: (a) deviatoric response. (b) volumetric response.

depends nonlinearly on the stresses, and whereas the Maxwell and the Bingham ele·
ments exhibit secondary, irreversible creep, the Kelvin element exhibits primary, re·
versible creep. The presence of the Kelvin element is therefore important for many
applications. However, its inclusion complicates the calculations considerably as it
increases the order of the involved differential equations from one to two.

The deviatoric stress and strain tensor are defined by

0,2)

where aij and E.ij denote the stress and strain tensor, respectively, and where usual
tensor notation is applied. Tension and elongation are considered positive.

For the Maxwell, Kelvin and Bingham clements, all quantities are labelled with
the index M. K and B, respectively. Moreover, the constants G and 1'1 denote, in general,
a shear modulus and a viscosity coefficient, respectively. Small strains are assumed.

The constitutive equation for the Maxwell element is

(3)

The constitutive equation for the Kelvin element is

(4)

where a dot denotes the time derivative. For stresses below the yield stress, the
Bingham element is rigid; otherwise, the constitutive equation for the Bingham element
is

eij.B = 2~B f (1 - ::) Sij dl, for a~;;l1: a y ,

where O'y is the yield stress and 0'(' is the effective stress of von Mises defined by

O'~ = (~Sij Sij ) 1/2

(5)

(6)

Contrary to the viscous deviatoric response as defined above, the volumetric behaviour
is assumed to be purely elastic, i.e.

O'il
E.ii = 3K'

where the constant K is the bulk modulus.

(7)
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UNIFIED FORMULATION FOR SPHERES AND CYLINDERS

For spheres, only two directions are of interest. It follows from (6) that

CTt.' = T(CTo - CTr)

563

(8)

in familiar notation. Depending on the problem, we choose T = 1or T = -1 so as to
ensure that the effective stress is positive. To attain closed-form solutions for cylinders,
it becomes necessary to assume incompressibility whereby Eij = eij. Moreover, only
plane strain is considered, i.e. Ez = O. As shown in [1], these assumptions imply that
CTz = (CTr + CTe)/2 and thereby

(9)

where, depending on the problem, we choose again T = 1 or T = - 1 to ensure that
the effective stress is positive.

To facilitate the exposition, the unified treatment of the spherical and cylindrical
problems presented in [1] is clearly preferable. According to [1], the equilibrium equa
tion can be written as

where

iJCTr = A CTt.' ,

iJr r
(10)

{

2T'
A = 2T

vT

for spherical problems

fo~cylindrical problems.
(11)

Moreover, the circumferential deviatoric strain can be written as

f(t)
eo = -0 - M CT,.,

r

where

(12)

and where

a = {3'2,
for spherical problems
for cylindrical problems

(13)

{
~~' for spherical problems

M=
0, for cylindrical problems.

(14)

Note that the function f(t) depends only on time, whereas incompressibility, i.e. K
00, implies that M = O.

Denoting the inner radius by '1 and the outer one by '2, the boundary conditions
are

, = '1,

CTr = -P2(t)

{
CTr = -PI(t),
u = u.(t),

stress boundary problem
displacement boundary problem.

(15)

(16)
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That is, we will consider pressurised vessels as well as relaxation of vessels. However,
even for the displacement boundary problem, there exists a pressure along the inncr
surface, and this so-called shrink·fit pressure varies with time. Therefore, the boundary
condition (16) suggests that

(17)

always applies. For relaxation problems, the shrink-fit pressure is still unknown. It will
appear that it can be determined using (16). It is assumed that the initial load is applied
suddenly; i.e. an elastic state exists at t = 0+.

We shall also state expressions for the circumferential and radial strain. According
to [J], the circumferential strain, defined by E8 =ulr where u is the radial displacement,
can be written in the following unified way:

J(t) 3M
£a = ra + 2T CT,.

Similarly, the radial strain becomes

J(t) 3M
e, = -(a - I) -;;;- + 2T (2TCTe + CT,).

(18)

(19)

Note that for incompressible materials, where M = 0 [see (14)], the strains depend on
the radius through the factor ,-Ol alone, irrespective of the material model.

PRELIMINARY EXPRESSIONS FOR THE STRESSES AND STRAINS

Having presented the constitutive equations, the initial and boundary conditions
as well as some general expressions for the vessels, we are now in a position to derive
some preliminary expressions for the effective stress and the time-dependent function
f(t) present, for instance, in (12). These expressions are identical to those derived in
[1]. Consequently, the constitutive equation can be written as

where

iT... + A c,,, + B (1" = C Z+ D ~ + F,
r r

(20)

GM ( I I I)
A=1+3~MGM TlM+TlK+'f}iI

B _ OM OK (_1 +-.!..)
- (l + 3AM OM)'f}K 'TIM 'TIs

C = 3A GM

1 + 3'AM GM

D = . 3A GM GK
(1 + JAM OM)'TIK

F = OM OK CTy
(1 + 3AM GM)'TIK TlB

G"+-
TlJ<

(21)

(22)

(23)

(24)

(25)

and where the term AM is always nonnegative. The constitutive equation (20) applies
always so long as the material point is in a viscoelastic-viscoplastic state.

Let us now assume that the material point initially is also in a viscoelastic-vis-
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coplastic state. The initial load is assumed to be applied suddenly at t = 0+ , and the
resulting two initial conditions become (see [1])

fo
crl'.o = c-;

r

and

a () = c to - (AC - D) 10 + N
1'. r" r"'

where

N = GM cr.\.
o + 3AM GM ) TJs

The roots of the characteristic equation belonging to (20) are

R' (s 0) } _ ! (_ + 2 )
R" « 0) - 2 A - v'A - 4B .

(26)

(27)

(28)

(29)

Trivial considerations show that A2
- 4B ~ 0 always holds. In accordance with [1],

we can write the solution to (20) subjected to conditions (26) and (27) as

crt' = cI>(t) + Cf(t) : "'(t) ,
r

where the function cI>(t) is defined by

e
R

', - e
rl

( cry R
II

) C1y (1- eR"I).
~t) = R' - R" N + 1 +~/TlM + 1 + TJs/TlM

The unknown function Ijs(t) present in (30) is given by

(30)

(31)

"'(t) = - R' : R" [ R" (CR" + D) eR"t it f(n e-R"t dt

- R' (CR' + D) eR
" L' f(t) e-R

" dt] . (32)

Note that solution (30) applies to material points that initially are in a viscoelastic
viscoplastic state and that remain in such a state. The fundamental property of (30) is
that the effective stress depends on radius and time through separated functions. By
letting TIll - 00 in the parameterrs defined above, the expressions degenerate to those
valid for a viscoelastic material.

The solution above determines the effective stress as a function of f(t). Alterna
tively, (20) subjected to conditions (26) and (27) can be solved to determine f(t) as a
function of the effective stress. As shown in [1], this solution becomes

f(t) I [3A e(-GKI"t!K)I L'
- = - - C1t' + C1t' e(GK1"lKl' dt
r Q 3A C T1K 0

+ (_1 + 1..) (' C1r dt _ C1
y t] .

T1M TJs Jo TJs
(33)
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VISCOPLASTlC ZONE SPREADS ALL THROUGH THE VESSEL WALL

The present treatment of viscoelastic-viscoplastic vessels where the viscoplastic
zone spreads all through the vessel wall turns out to be much simpler than when a
viscoelastic zone exists (see [1]). This follows from the absence of the delicate problem
of a moving plastic boundary.

As the whole vessel wall is in a viscoplastic state, solution (30) applies all through
the vessel wall. Inserting (30) into equilibrium equation (10) and integrating from '1 to
'2 using boundary conditions (15) and (17) enables us to determine an expression for
the unknown term Cf(t) + Ij/(t) present in (30). Inserting this expression into (30) yields,
after trivial calculations, the following closed-form solution for the effective stress:

(34)

where <1>(r) is given by (31). Inserting (34) in equilibrium equation (10) and integrating
from r1 to r provides the following closed-form solution for the radial stress:

l/rT - lira (r lIrT - 1/ra r2)
CJ'r = -PI + (Pt - P2) II a II a + A<1>(t) In - - 1/ a 1/ a In - .r. - r2 r. r. - r2 rl

(35)

Note that these solutions are valid for arbitrary outer pressures PI(r) and P2(t) so long
as the vessel wall remains fully plastic.

Suppression of the viscoplastic behaviour is obtained by letting 1)B - 00. This
implies that the parameter N given by (28) becomes O. That is, (31) becomes

(36)

Using this expression in (34) and (35), we rediscover the familiar elastic and viscoelastic
solutions.

If the Kelvin element is ignored, i.e.1)K- 00, the parameter B given by (22) becomes
O,i.e.R'-OandR"- -A = -NO + 1)BI1)M)/CJ'y[see(29)]. The function <1>(t) given
by (31) then becomes

CJ'y [1 _ e-N1<T.v (\+T1B/TlM)/],

+ 1)B I1)M
(37)

and (34) and (35) reduce to the expressions derived by Wierzbicki[3] for a sphere loaded
by a constant inner pressure.

If the Maxwell element is also ignored, i.e. 1)M - 00, we obtain the response of a
simple elastic-viscoplastic material, and (37) degenerates to

(38)

In this case, (34) and (35) become equivalent to the solutions derived by Madejski[2]
for a sphere loaded by a constant inner pressure.

Consider now the stress field for large times. Equation (31) shows that

(39)

That is, the effective stress expression (34) becomes
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It is of interest to note that this expression, valid for large times, holds even when the
pressure difference PI - P2 varies. That is, after some time, there will be no stress
redistribution due to time effects. The stress changes are caused by pressure changes
alone. For constant outer pressures, we therefore approach a stationary stress field
given by (40). It appears that the only material parameters that influence the stress
state given by (40) are Uy and the TIS/TIM ratio. If TIS/TIM -. 00, then the stress field
becomes equal to the linear elastic distribution. It is of interest that TIS/TIM -. 00 can
occur both when TIB -.. 00 (suppression of viscoplastic behaviour) and when TIM -.. 0
(very creep-sensitive Maxwell element). The Kelvin parameters have no influence on
the stationary stress state. The same observations were achieved for the stationary
stress field for pressurised vessels having a viscoelastic zone (see [J]). The development
with time ofthe effective stress for a cylinder with constant outer pressures is illustrated
in Fig. 2.

Let us now return to expression (34). It appears that the effective stress depends
on the outer pressures through the last term alone, whereas the function 4»(t) present
in the first term is responsible for the redistribution with time of the stress field. By
setting the factor to 4»(t) equal to 0, we can therefore determine a radius, Teo for which
the effective stress depends on the outer pressures alone. This yields

(41)

As T2/T! > 1, (41) implies that Tc/r2 < 1 and rclr! > 1; i.e. the radius rc for which the
effective stress depends on the outer loadings alone exists always. It is of interest that
the rc value is independent of the material parameters as well as the loading. For the
particular case of constant outer pressures, these conclusions are in agreement with
those of Wierzbicki's treatment of a sphere without the Kelvin element[3]. Figure 2
demonstrates the significance of the 'c radius. The effective stress at the constant ,,
radius becomes

arc = A r~ (1/r1 - l/r~)
(42)

where 'c is given by (41).

1

4 /initiol. t=O
\~ intermediate. t =2)( lOss
. stationary, t - 00

3 .

t8r,1.6r,1.4r,1.2r,
O"'----........--.......----I.---""--~

r,
Fig. 2. Effective stress fields for fullrc plastified pressurized cylinder: ''''2 '" 112. (PI - P2)1ay
=VJ. GM = 5000 MPa. TIM = to 0 MPa·sec. GK :: 2000 MPa·sec. TlK :: TIB :: 1()9 MPa.

M= O.
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Consider now the particular case where the outcr pressures arc constant. The
effective stress at the inner boundary takes its maximum value at time t = O. As the
effective stress is a steadily decreasing function of radius and as it is constant at r =
r", this suggests that the effective stress at the outer boundary takes its minimum valuc
at time t = O. This has the important consequence that a vessel loaded by constant
outer pressures will remain fully plastified if it initially is so. Figure 2 illustrates this
point.

The existence of the fixed radius re • where the effective stress depends on the
outcr pressures alone, is identical to the existence of a "skeletal" point as defined by
Marriott[4]. Determination of the strain field requires knowledge of the f(/) function
[see (18) and (19)]. This function can be determined by means of (33) using the general
effective stress expression (34). However, knowledge of the existence of a skeleton
point and the corresponding effective stress facilitates this determination greatly. Use
of (42) and (41) in (33) yields the result directly:

(43)

This expression completes the full determination of the stress and strain fields in pres
surised vessels. For relaxation loaded vessels, we still remain to determine the shrink
fit pressure PI(!).

Let us evaluate some simplified behaviours. If the outer pressures are constant
with time, (43) reduces to

( 1 I)} AO'y r 2)+ - + - t - t - In - .
ilM ilB ilB rl

(44)

If this expression is used to determine the circumferential strain given by (18) and if
the Kelvin element is suppressed. i.e. ilK -+ co, the resulting circumferential strain
becomes identical to that derived by Wierzbicki[3] for a sphere loaded by constant
outer pressures. If the viscoplastic behaviour is suppressed, i.e. TIll -+ 00, we obtain
the response of a Burgers material. In this case, (44) becomes identical to the solution
given by Onirk and Johnson[5] for the cylindrical problem.

For vessels loaded by constant outer pressures, it was shown previously that a
stationary stress state exists. From (18) follows then Ell = j /rOl

, and differentiation of
(44) provides

• (X [( ) ( 1 1 ) _ hO'y In r2] .
Ea,,....oo = 3A2 r'"(1/rT - lIr!) PI - P2 11M + TlB l1B '1

(45)

That is, the stationary stress state results in a stationary strain rate state. This stationary
strain rate is independent of the elastic parameters. and as the Kelvin element is now
rigid. neither of the Kelvin parameters intlu·ences it.

The response of pressurised vessels has now been determined completely, and a
discussion of principal issues has been given. The results are valid for changing outer
pressures so long as the vessel remains fully plastified. The results obtained are also
valid for relaxation loaded vessels. but in this case the shrink-fit pressure Pl(t) is still
unknown. The determination of this pressure is the subject of the next section.
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Relaxation loaded vessels
We shall now consider the relaxation problem, and in particular we shall determine

the unknown shrink-fit pressure PI(t) from boundary condition (16). The outer pressure
P2(t) is a known quantity.

Evaluating the circumferential strain (18) at the inner boundary and making use
of (43) give, after some rearrangement,

3A
2

[1 ('I)a] (UI 3M) A(J'y I '2- - - - + - P2 + t - n-
a '2 '1 2T "f\B']

where the relation 3A1C = I/GM + 3AM has been used [see (23)]. This integral equation
is used to determine the unknown pressure P.(t). However, it becomes convenient to
transform (46) into the corresponding differential equation.

Observing that M = 0 for the cylinder and 3A1(2Ta) = 1 for the sphere, the coef
ficient to the term p. - P2 can be written as

_1 + 3AM {I _ ~ [1 _ (~)a]} = _1 + 3AM (!!)a (47)
GM 2Ta'2 GM '2

Then, differentiation of (46) and subsequent multiplication by the factor
e,(GIC/TlIC) yield

3A
2

[I _ (~)"J (ill + 3M ih) e(GK/Tl/d l + A(J'y elGK/TlK)1 In 2
a '2 '1 2T "f\o '.

= [_1_ + 3AM (~)aJ (PI - P2) e(GK/TlK)1 - G: (' (PI - P2) elGK/TllClt dt
GM '2 "f\K Jo

+ (_1_ + ...!- + ...!-) (PI - P2) elGK/TlK)I. (48)
"f\M "f\K "f\B

Differentiation of (48) gives

P. - P2 + I(p. - h) + J(PI - P2)

Q (
ii. 3M .. )= - + -P2
'. 2T

where

(
ill 3M.)

+v ;;+2T P2 +W, (49)

I = I/"f\M + lI"f\K + 1I"f\B + GK
JlGM + 3AM (,./'2)a "f\K

J = GKI"f\K (l/"f\M + JI"f\B)
l/GM + 3AM (,./r2)a

3A2 [1 - (,]/'2)a]

Q = a [l/GM + 3AM (,./'2)a]

V = 3A2 GK [l - (,./r2)a]

a"f\K [l/GM + 3AM (,./'2)"]

W = A (J'y GK In '21,.
"f\o "f\K [IIGM + 3AM (,d'2)a]

(50)

(51)

(52)

(53)

(54)
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The roots of the characteristic equation belonging to (49) are

s' (:s;;0) } I
SIt «0) = '2 (-I ± yip. - 4J). (55)

Trivial considerations show t~at P. - 4J ~ 0 always holds. The initial conditions for
differential equation (49) shall now be derived. From (46), evaluated at I = 0+ , and by
making use of (47), we obtain

(
UIO 3M )

P10 - P20 = Q - + - P20 .'I 2T
(56)

This expression corresponds to the trivial linear elastic solution. From (48), evaluated
at t = 0+, we obtain

. . Q(UIO 3M. ) (UIO 3M )PIO - P20 = - + -P20 - (QI - V) - + -P20 + Z,'1 2T 'I 2T

where (56) has been applied and where we have defined

(57)

(58)
Z = X eTy In '2/'1

"lB [l/GM + 3XM ('I/'2)Q] .

It appears that differential equation (49) with initial conditions (56) and (57) is completely
similar to eqns (20), (26) and (27). Therefore, using (30)-(32) and observing that the
term eTA) + "lBI"lM) present in (31) is equal to FIB, we can write the solution to (49)
directly as

PI - P2 = e':: =~:'" (Z + ~ SIt) + ~ (1 - eS
"') + Q e: + ~~ P2)

) [ .i' (u I 3M) "- sIt (Qs" + V) eS
, - + - P2 e - S , dt

s' - sIt 0 'I 2T

.i' (UI 3M) " d ]- s' (Qs' + V) eS
' - + - P2 e- S t .

o '1 2T
(59)

(61)

This expression determines the unknown shrink-fit pressure PI(t) in the very general
case where P2(t) and u.(t) change with time and where the material compressibility
(for the sphere) is accounted for. A simple numerical scheme in general is necessary
to solve (59).

To determine the strains as given by (18) and (19), the function f(t) must be eval
uated knowing now the shrink-fit pressure PI(t). This function is easily determined
from the displacement UI(t) given at the inner boundary. Equation (37) yields

f(t) = (~: + ~~ PI) ,T. (60)

The relaxation behaviour of vessels plastified all through the vessel wall has now
been determined completely for the general loading case. The following is devoted to
some simplified loading situations and to an evaluation of the influence of the material
parameters.

A particular simple closed-form expression of (59) can be obtained if the term ull
'1 + 3Mp2/(2T) is a constant. In that case, (59) reduces to

eS
" - eS

·' ( W,,) W .••,
PI - P2 = S' _ sIt Z + J s + J (1 - e )

ul/'l + (3M/2T) P2 [(Q " ., Q' V) e""].,,, s + V) eS
- ( s +

s - s
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Two situations fulfill the requirement that ul/,! + 3Mpz/(2T) be a constant. In
both cases, the prescribed displacement UI must be constant. In the first case, material
compressibility is accounted for, but the pressure P2 must be constant. In the other
case, incompressibility is assumed, i.e. M = 0, and P2(t) is allowed to vary arbitrarily.
These two situations, for which (61) applies, cover most applications.

If the Kelvin element is suppressed. i.e. TlK ...... lXI, then J = 0, i.e. s' = 0 and s"
= - J, and a further simplification of (61) occurs. If the visc:oplastic behaviour is
suppressed, Le. "lB ...... lXI, we obtain the response of a Burgers material. In this case,
W = Z = 0 holds, and if we put M = 0, (61) becomes identical to the expression
derived previously in UJ.

Let us now evaluate the response for large times. In this situation, (61) reduces
to Pl - P2 :::: WIJ. Using (51) and (54), we obtain

(62)

This pressure limit applies also when s' = 0, which occurs for 1'\1\ ...... IXI. Using the limit
value in the expression for the long-term effective stress (40), we get .

(63)

throughout the vessel wall. Consequently, if "lB/TlM > 0, the relaxation indicates that
a viscoelastic zone eventually will develop, and the following response will be deter
mined by the combined behaviour of the viscoplastic and viscoelastic zones.

If, however, the Maxwell viscosity is suppressed, Le. TIM ...... 00, the pressure limit
will be PI - P2 = ~O'y In r2lrl' and from (63) the long-term effective stress becomes
O'r = O'y throughout the vessel wall. That is, the relaxation behaviour approaches a
stationary stress state as well as a stationary strain state with rigid Bingham and Kelvin
elements. Therefore, the relaxation behaviour changes dramatically whether or not
Maxwell viscosity is considered. Similar conclusions were derived previously for re
laxation loaded vessels having a viscoelastic zone (see [ln.

CONCLUSIONS

Exact, closed·form solutions for the viscoelastic-viscoplastic behaviour of fuUy
plastic, thick-walled cylinders in plane strain and spheres were derived in a unified
fashion for the stress and strain fields. The loading was due either to pressunsation or
relaxation. Similar solutions were presented in [l] for partly plastic vessels, but the
solutions there were much impeded by the presence of a moving plastic boundary.
However, it appears that much of the analysis in [1 Japplies also for fully plastic vessels,
indicating that a unified treatment of partly and fully plastic vessels can be followed
fairly extensively.

For deviatoric loading, the constitutive model consists of a viscoelastic Burgers
element in combination with a viscoplastic Bingham element. For volumetric loading,
linear elastic behaviour was assumed for the spherical problem. whereas incompres
sibility was assumed for the cylindrical one. The Kelvin part of the Burgers element
exhibits primary, reversible creep, whereas both the Maxwell part of the Burgers ele
ment as well as the Bingham element exhibit secondary, irreversible creep. Thus, the
constitutive model reflects many creep characteristics observed in a variety of mate
rials. In addition, the outer pressures or the prescribed inner displacement might vary
with time. This in connection with the rather general constitutive model opens for a
variety of applications.

A mcUor effort was given to a discussion ofprincipal aspects ofthe vessel behaviour
and of the influence of the different material parameters. It was shown that for a hi
erarchy ofsimplified material behaviours, the derived closed-form solutions degenerate
to previously known results.
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For vessels where the plastic zone spreads all through the vessel wall. there exists
a skeleton point, i.e. a fixed radius for which the effective stress depends only on the
prescribed outer loadings. This aspect facilitates greatly the analysis of such vessels.

For the pressurised vessels, a stationary stress and strain rate situation arises for
large times. The magnitude ofthe Maxwell viscosity turns out to be ofmajor importance
for these stationary states. If vessels loaded by constant outer pressures are initially
fully plastified, they will remain so.

For relaxation loaded vessels, the Maxwell viscosity is also of decisive importance.
If this viscosity is ignored, the relaxation behaviour may approach a stationary stress
and strain state. If Maxwell viscosity is included, the vessels will always experience
a continued relaxation.

Therefore, the long-term behaviour offully plastic vessels depends to a large extent
on the magnitude of the Maxwell viscosity, whereas the Kelvin parameters are of
importance only for the transient phase. It is of interest that the same conclusion applies
also for partly plastic vessels (see [l)).

REFERENCES

I. N. S. Ottosen, Behaviour of viscoelastic-viscoplastic spheres and cylinders-partly plastic vessel walls.
Int. J. Solids Structures 21, 573-595 (1985).

2. J. Madejski, Theory of non-stationary plasticity explained on the example of thick-walled spherical res
ervoir loaded with internal pressure. Arch. Mech. Stos. 12,775-787 (1960).

3. T. Wierzbicki, A thick-walled elasto-visco-plastic spherical container under stress and displacement
boundary value condition. Arch. Mech. St03. 15, 297-308 (1963).

4. D. L. Marriott, A review of reference stress methods for estimating creep deformation. In Creep in
Structures (Edited by J. Hult), PP. 137-152. Springer-Verlag, Berlin (1972).

5. P. F. Gnirk and R. E. Johnson, The deformational behaviour of a circular mine shaft situated in a vis
coelastic medium under hydrostatic stress. Proc. Sixth Symp. on Rock Mechanics. University ofMissouri
at Rolla (Edited by E. M. Spokes and C. R. Christiansen), pp. 231-259 (1964).


